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We study quantum measurement with preselection and postselection, and derive the precise ex-
pressions of the measurement results without any restriction on the coupling strength between the
system and the measuring device. For a qubit system, we derive the maximum pointer shifts by
choosing appropriate initial and finial states. A significant amplification effect is obtained when the
interaction between the system and the measuring device is very weak, and typical ideal quantum
measurement results are obtained when the interaction is strong. The improvement of the signal-to-
noise ratio (SNR) and the enhancement of the measurement sensitivity (MS) by weak measurements
are studied. Without considering the probability decrease due to postselection, the SNR and the
MS can be both significantly improved by weak measurements; however, neither SNR nor MS can
be effectively improved when the probability decrease is considered.
PACS numbers: 03.65.Ta, 03.67.-a
I. INTRODUCTION
In 1988, Aharonov, Albert, and Vaidman introduced
the idea of weak measurement [1]. For a very weak in-
teraction between a system and measuring apparatus,
they showed that the measurement results obtained can
be much larger than the eigenvalues of the observable
by selecting appropriate initial and final states. The
counterintuitive results have been implemented in exper-
iments [2, 3]. Weak measurement has provided a new
perspective to the famous Hardy’s paradox [4, 5], and the
illustrations have been realized in experiments [6]. Using
the idea of weak measurement, Hosten and Kwiat have
observed the tiny spin Hall effect of light [7, 8]. This idea
has also been used to amplify small transverse deflections
and frequency changes of optical beams [9–11]. Because
of the importance of weak measurement in applications,
there has been much research work on this issue [12–19].
In the seminal paper [1], Aharonov, Albert, and Vaid-
man (AAV) introduced the weak value
Aw =
〈ψf |A|ψi〉
〈ψf |ψi〉 (1)
of an observable A, where |ψi〉 and |ψf 〉 are the prese-
lected and postselected states (PPS), respectively. For
the interaction Hamiltonian H = −gδ(t− t0)A ⊗ q, and
the weak value Aw = a+ ib (where a, b ∈ R), Jozsa [20]
has derived that the final mean pointer momentum and
∗ zhuxuanmin@gmail.com
† pangss@mail.ustc.edu.cn
‡ quanhuiliu@gmail.com
§ shengjun@ustc.edu.cn
position satisfy
〈p〉f = 〈p〉i + ga− gb(m
d
dt
Varq),
〈q〉f = 〈q〉i − 2gb(Varq),
(2)
where 〈q〉i and 〈p〉i are the original mean pointer position
and momentum, Varq is the variance of position in the
initial pointer state, and m is the mass of the pointer.
It seems that for 〈ψf |ψi〉 → 0, the shifts of the pointer’s
position and momentum might be arbitrarily large. In
fact arbitrarily large shifts cannot be obtained, as there
is one approximation step in the derivation [20]:
|Φ′〉 = 〈ψf |eigAq |ψi〉|Φ〉
≈ 〈ψf |ψi〉(I + igAwq)|Φ〉,
(3)
where |Φ〉 and |Φ′〉 are the original and final states of the
measuring device. As pointed out in [21], the validity of
the approximation in the above equation requires that
|gnqn〈ψf |An|ψi〉| ≪ |〈ψf |ψi〉|, (4)
for all n ≥ 2. When 〈ψf |ψi〉 → 0, the above require-
ment is not satisfied, so the measurement results given
by Eq. (2) are not valid. Thus, we need some more pre-
cise descriptions of weak measurements. There has been
some research on weak measurements beyond AAV’s for-
malism [22, 23]. By retaining the second order terms of
g, the formalism of weak measurements is generalized to
the general preselected and postselected states in [23]. In
that reference, it was shown that the weak measurement
outcomes cannot increase arbitrarily by decreasing the
overlap between the PPS.
In this paper, we calculate the shifts of the pointer po-
sition and momentum without any approximation. The
interaction between the system and measuring device is
not assumed to be very weak. So, the expressions we ob-
tained are not only valid for the weak interaction cases,
2but also legitimate for the strong interaction cases. We
also give the maximum shifts of the measuring device
for the two-dimensional systems by choosing appropri-
ate PPS. Using weak measurement, the improvements of
the signal-to-noise ratio (SNR) and the enhancements of
the measure sensitivity (MS) are discussed in the paper.
When we consider the probabilities reduced by postse-
lection, we find the SNR and MS cannot be effectively
improved in weak measurement. We also show that the
SNR and MS can be effectively improved without con-
sidering the probabilities.
This paper is organized as follows. In Sec. II we will
give the general precise expressions of the pointer shifts.
The maximum pointer shifts with a two-dimensional sys-
tem and the explicit results for the Stern-Gerlach exper-
iment are derived in Sec. III. Section IV is devoted to
studying the improvement of the SNR brought by a weak
measurement. The discussion of the enhancements of the
MS is given in Sec. V. A short conclusion is presented in
Sec. VI.
II. PRECISE EXPRESSIONS OF THE
MEASUREMENT RESULTS
In this section, we derive the precise expressions of the
measurement results with preselection and postselection,
without any restriction on the strength of the interaction
between the system and the measuring device. The pre-
selected and postselected states of the quantum system
are denoted by |ψi〉 and |ψf 〉 respectively, and the initial
state of the measuring device is denoted by |Φ〉. The in-
teraction Hamiltonian between the system and the device
is described as
H = −gδ(t− t0)A⊗D, (5)
where g is the coupling strength with g > 0, A is an ob-
servable of the quantum system, andD is a variable of the
measuring device. Throughout this article, for the pur-
pose of convenience, by A→ A/ ‖ A ‖, and g → g ‖ A ‖,
we redefine A and g such that A becomes a dimension-
less operator with a unit norm. It is assumed that the
complete orthonormal eigenstates of the observable A are
{|am〉}, the corresponding eigenvalues are {am}. So, the
preselected state |ψi〉 can be written as
|ψi〉 =
∑
m
αm|am〉. (6)
And the overall state of the system and measuring device
is
|Ψ〉 =
∑
m
αm|am〉|Φ〉. (7)
After the interaction described by Eq. (5) the overall
state evolves into
|Ψ′〉 = e−i
´
Hdt|Ψ〉 =
∑
m
αme
igamD|am〉|Φ〉, (8)
with ~ = 1 throughout this paper. The postselected state
can also be written as |ψf 〉 =
∑
m βm|am〉. After posts-
election, the final device state is
|Φ′〉 = 〈ψf |Ψ′〉 =
∑
m
αmβ
∗
me
igamD|Φ〉, (9)
which is not a normalized state. The probability of ob-
taining the final state |Φ′〉 is
P = 〈Φ′|Φ′〉 =
∑
mn
αmβ
∗
mα
∗
nβn〈Φ|eig(am−an)D|Φ〉. (10)
The expectation value of a pointer observableM is given
by
〈M ′〉 = 〈Φ
′|M |Φ′〉
〈Φ′|Φ′〉
=
∑
mn γmγ
∗
n〈Φ|e−iganDMeigamD|Φ〉∑
mn γmγ
∗
n〈Φ|eig(am−an)D|Φ〉
,
(11)
where γm = αmβ
∗
m. Thus, we have given the general and
precise expression of the device’s readings.
Without loss of generality, the initial state of the
pointer device is assumed to be a Gaussian wave func-
tion centered on q = 0 and p = 0,
Φ(q) =
1
(2pi∆2)
1
4
exp(− q
2
4∆2
),
Φ(p) =
(2∆2)
1
4
pi
1
4
exp(−∆2p2),
(12)
where q and p are the position and momentum variables,
and the standard deviations of them are ∆q = ∆ and
∆p = 12∆ . In this paper, we consider D = q, and the
interaction H = −gδ(t − t0)A ⊗ q. From Eq. (9), the
final state of the pointer device after postselection is
|Φ′〉 = 1/(2pi∆2)1/4
∑
m
γme
igamqe−q
2/4∆2 , (13)
and the probability of obtaining the final state |Φ′〉 is
P = 〈Φ′|Φ′〉 =
∑
mn
γmγ
∗
ne
−∆2g2(am−an)2/2. (14)
From Eq. (11), we can directly calculate the expectation
values of the pointer momentum and position
〈p′〉 =
g
2
∑
mn γmγ
∗
n(am + an)e
−∆2g2(am−an)2/2∑
mn γmγ
∗
ne
−∆2g2(am−an)2/2 ,
(15)
and
〈q′〉 = ig∆
2
∑
mn γmγ
∗
n(am − an)e−∆
2g2(am−an)2/2∑
mn γmγ
∗
ne
−∆2g2(am−an)2/2 .
(16)
As the expectation values of the pointer momentum and
position in the initial state are both zero, the values given
3in Eqs. (15) and (16) are also the average shifts of the
pointer momentum and position, which are denoted by
δp′ and δq′, respectively.
In the rest of this section, we discuss two extreme cases
in terms of the interaction strength: the weak interaction
case and the strong interaction case.
First, we discuss the weak interaction case (i.e., the
coupling strength is weak g ≪ 1/2∆ = ∆p). We have
e−∆
2g2(am−an)2/2 ≈ 1, and
δp′ ≈
g
2
∑
mn γmγ
∗
n(am + an)∑
mn γmγ
∗
n
=
g
2
(
〈ψf |A|ψi〉
〈ψf |ψi〉 +
〈ψi|A|ψf 〉
〈ψi|ψf 〉 ) = gRe(Aw),
(17)
and
δq′ ≈ ig∆
2
∑
mn γmγ
∗
n(am − an)∑
mn γmγ
∗
n
= ig∆2(
〈ψf |A|ψi〉
〈ψf |ψi〉 −
〈ψi|A|ψf 〉
〈ψi|ψf 〉 ) = −2g(∆q)
2Im(Aw).
(18)
If the real part of the weak value Aw is big, the shift δp
′
can be much larger than the shift of the pointer without
postselection. This amplification effect is implemented
in experiments [2, 3]. The results in Eqs. (17) and (18)
are the same as those given in Eq. (2). However, it
should be pointed out that the approximation step may
not be legitimate when 〈ψf |ψi〉 → 0. Therefore, in a
general discussion without restriction on the overlap be-
tween preselection and postselection states, we use Eqs.
(15) and (16) instead.
Next, we discuss the strong interaction case (i.e., g ≫
∆p). We have e−∆
2g2(am−an)2/2 ≈ 0 for am 6= an, and
then δq′ ≈ 0. If the eigenvalues of A are nondegenerate,
the shift of the pointer momentum can be approximately
expressed as
δp′ ≈ g
∑
m am|γm|2∑
m |γm|2
=
gTr(A|ψf 〉〈ψf |ρi)
Tr(|ψf 〉〈ψf |ρi) , (19)
where ρi =
∑
m |〈am|ψi〉|2|am〉〈am| is the state of the sys-
tem after projection onto the eigenstates {|am〉}. When
the eigenvalues are degenerate, let the eigenvalue as be
ds-fold degenerate, we can re-label the eigenstates of
A as {|akss 〉}, where ks = 1, 2, ..., ds. Then the PPS
can be rewritten as |ψi〉 =
∑
s,ks
αkss |akss 〉 and |ψf 〉 =∑
s,ks
βkss |akss 〉. From Eq. (15) and e−∆
2g2(am−an)2/2 ≈ 0
for am 6= an, we get
δp′ ≈ g
∑
s |
∑ds
ks=1
γkss |2as∑
s |
∑ds
ks=1
γkss |2
, (20)
where γkss = α
ks
s β
ks∗
s . The shifts given by Eqs. (19) and
(20) are the results for a strong measurement, and they
can be regarded as the ideal quantum measurement re-
sults which are independent of the device’s states. So, we
have got the ideal measurement results by increasing the
strength of the interaction between the quantum system
and measuring device. From the Eq. (19) and Eq. (20),
we can get that
aming ≤ δp′ ≤ amaxg, (21)
where amin and amax are the minimum and maximum
eigenvalues of the observable A, respectively. The mea-
surement results given in Eq. (21) mean that the ampli-
fication effect disappears when the interaction strength
is strong.
III. MAXIMUM POINTER SHIFTS
In this section, we derive the maximum shifts of the
pointer position and momentum for a measurement with
preselection and postselection on a qubit system. The in-
teraction between the system and the measuring device
is described by the Hamiltonian H = −gδ(t − t0)A ⊗ q,
which is not assumed to be weak unless specified. As
the system to be measured is two-dimensional, so the
orthonormal eigenstates of the observable A can be de-
noted as {|0〉, |1〉}, and the corresponding eigenvalues are
denoted as {a1, a2}, respectively. Without loss of gener-
ality, we assume a1 ≥ a2. Then the PPS |ψi〉 and |ψf 〉
can be written as
|ψi〉 = cos θ1
2
|0〉+ sin θ1
2
eiφ1 |1〉,
|ψf 〉 = cos θ2
2
|0〉+ sin θ2
2
eiφ2 |1〉,
(22)
where θ1, θ2 ∈ [0, pi) and φ1, φ2 ∈ [0, 2pi). From Eqs. (15)
and (16), we get
δp′ =
a1 + a2
2
g +
g(a1 − a2)(cos θ1 + cos θ2)
2N(θ1, θ2, φ1, φ2)
, (23)
and
δq′ =
g∆2(a1 − a2) sin θ1 sin θ2 sin (φ1 − φ2)e−g2∆2(a1−a2)2/2
N(θ1, θ2, φ1, φ2)
,
(24)
where N(θ1, θ2, φ1, φ2) = 1 + cos θ1 cos θ2 +
sin θ1 sin θ2 cos (φ1 − φ2)e−g2∆2(a1−a2)2/2. When the
two states |ψi〉 and |ψf 〉 are orthogonal to each other,
we obtain that
δp′ =
a1 + a2
2
g, δq′ = 0, (25)
while AAV’s formalism cannot give any measurement re-
sult for two orthogonal PPS.
Now, for a given pointer state and coupling strength
g, we search for the extreme values of δp′ and δq′ over
all the PPS. Let φ0 = φ1 − φ2, from ∂δp
′
∂φ0
= 0, we get
sinφ0 = 0, and
δp′ =
a1 + a2
2
g +
g(a1 − a2)t
1 + t2 ± (1 − t2)e−g2∆2(a1−a2)2/2 ,
(26)
4where t = cos (θ1+θ2)2 / cos
(θ1−θ2)
2 . By
∂δp′
∂t = 0, we get
the extreme values of the shift of the pointer momentum
δp′ =
a1 + a2
2
g ± a1 − a2
2
√
1− e−g2∆2(a1−a2)2 g. (27)
As a1 ≥ a2, it is obtained that
δp′min =
a1 + a2
2
g − a1 − a2
2
√
1− e−g2∆2(a1−a2)2 g,
δp′max =
a1 + a2
2
g +
a1 − a2
2
√
1− e−g2∆2(a1−a2)2 g.
(28)
Let M = 1 + e−g
2∆2(a1−a2)2/2 and W = 1 −
e−g
2∆2(a1−a2)2/2. When φ1−φ2 = ±pi and t = −
√
W/M ,
δp′ reaches its minimum value δp′min; when φ1−φ2 = ±pi
and t =
√
W/V , δp′ reaches its maximum value δp′max,
where t = cos (θ1+θ2)2 / cos
(θ1−θ2)
2 . For the weak interac-
tion case g ≪ 12∆ = ∆p, we have ±
√
W/M → 0, the
extreme shift is achieved when θ1+ θ2 ≈ pi. It is obvious
that φ1 − φ2 = ±pi and θ1 + θ2 ≈ pi imply 〈ψf |ψi〉 → 0.
So for the weak interaction cases, the shift of the pointer
reaches its extreme value when the PPS are approxima-
tively orthogonal.
Furthermore, for the weak interaction cases with g ≪
∆p, we get δp′min ≈ a1+a22 g− 12∆ ≈ −∆p and δp′max ≈ ∆p
which only depend on the original state of the measuring
device. For the strong interaction cases with g ≫ ∆p, we
get δp′min ≈ a2g, and δp′max ≈ a1g, which depend on the
eigenvalues of A and the coupling strength g.
By a similar derivation, we obtain that
δq′min = −
g∆2(a1 − a2)e−∆2g2(a1−a2)2/2√
1− e−g2∆2(a1−a2)2 ,
δq′max =
g∆2(a1 − a2)e−∆2g2(a1−a2)2/2√
1− e−g2∆2(a1−a2)2 .
(29)
The minimum shift δq′min of the pointer position is
achieved when θ1 + θ2 = pi and φ1 − φ2 = pi +
arccos e−g
2∆2(a1−a2)2/2; while the maximum shift δq′max
is achieved when θ1 + θ2 = pi and φ1 − φ2 =
pi − arccos e−g2∆2(a1−a2)2/2. For g ≪ ∆p, pi ±
arccos e−g
2∆2(a1−a2)2/2 → pi, so the extreme shift of the
pointer position is achieved only when 〈ψf |ψi〉 → 0.
For the weak interaction cases g ≪ ∆p, the minimum
and maximum shifts of the pointer position are given
by δq′min ≈ −∆ = −∆q, and δq′max ≈ ∆ = ∆q;
while for the strong interaction cases g ≫ ∆p, we get
δq′min ≈ δq′max ≈ 0.
Here, we have obtained the extreme values of the
pointer’s shifts for all PPS. When g ≪ ∆p, we find
that the maximum shifts are independent of the coupling
strength g, and by choosing the appropriate PPS, the
maximum values of pointer shifts δp′ = ∆p and δq′ = ∆q
can be obtained. So for the weak interaction case, due
to the postselection, the signal is amplified by a factor
of 12|g|∆ which could be very large. When g ≫ ∆p, it is
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Figure 1. (Color online)The shifts of the pointer momentum
and position with g = 0.02∆pz . The extremum values are
obtained near θ ≈ pi/2 and φ ≈ pi.
obtained that a2g ≤ δp′ ≤ a1g and δq′ = 0, and these
results mean that there is no amplification effect at all
under the strong interaction circumstance.
Now we consider the Stern-Gerlach experiment which
is widely discussed in weak measurements [1, 23, 24]. In
this experiment, spin-1/2 particles with the spin pointed
in the direction n(θ, φ) travel through an inhomoge-
neous (in the z direction) magnetic field, and then are
postselected in the x direction. So, we have |ψi〉 =
cos θ2 |0〉+ sin θ2eiφ|1〉 and |ψf 〉 = 1√2 (|0〉 + |1〉). The
initial pointer state is |Φ〉 = ∆1/2(2pi)−1/4e−z2/4f(x, y),
where f(x, y) is a normalized wave function. The interac-
tion Hamiltonian can be written asH = −gδ(t−t0)σz⊗z,
where g = µ∂Bz∂z depends on the magnetic field. After
postselection, the final pointer state is
|Φ′〉 = (∆
2
8pi
)1/4(cos
θ
2
eigz + sin
θ
2
e−iφe−igz)e−z
2/4f(x, y).
(30)
Substituting |Φ′〉 into Eq. (14), and from Eqs. (15) and
(16), we get that
δp′z =
g cos θ
1 + sin θ cosφe−2∆2g2
,
δz′ =
2g∆2 sin θ sinφe−2∆
2g2
1 + sin θ cosφe−2∆2g2
,
P =
1 + sin θ cosφe−2∆
2g2
2
.
(31)
In Fig. 1, the shifts are depicted for g = 0.02∆pz.
It can be seen that, the maximal pointer shifts are
δp′z,max ≈ 50g = 1/2∆ = ∆pz and δz′max ≈ ∆ = ∆z
which are the extreme values obtained in Eqs. (28) and
(29). The maximum amplification factor obtained here
is 50, which can not be increased anymore by decreasing
the overlap between the PPS (it can never reach 100 as
in [1]).
From
∂δp′z
∂θ = 0 and
∂δp′z
∂φ = 0, we get the maximal shift
of the pointer momentum
δp′z,max =
g√
1− e−4∆2g2 . (32)
The maximum is achieved when θ = θopt =
arcsin e−2∆
2g2 and φ = pi. For g ≪ ∆pz , θopt =
50 2 40
2
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Figure 2. (Color online) The maximal shifts of the pointer
momentum and position, and the probabilities of obtaining
the maximum. When g ≪ ∆pz, we have δp′z,max ≈ ∆pz
and δz′max ≈ ∆z; when g ≫ ∆pz, we have δp
′
z,max ≈ g
and δz′max ≈ 0, which are the strong measurement results.
When g ≪ ∆pz, the probability to obtain the maximum shifts
Pmax ≈ 2∆
2g2 is very small.
arcsin e−2∆
2g2 ≈ pi/2, we have 〈ψf |ψi〉 → 0. It means
the optimum PPS to achieve the maximum shift of the
pointer momentum are approximatively orthogonal. And
the probability of obtaining this maximum value is given
by Ppz ,max =
1−e−4∆2g2
2 .
From ∂δz
′
∂θ = 0 and
∂δz′
∂φ = 0, we get the maximal shift
of the pointer position
δz′max =
2g∆2e−2∆
2g2
√
1− e−4∆2g2 , (33)
which can be achieved when θ = pi/2 and φ = pi −
arccos e−2∆
2g2 . For g ≪ ∆pz , φ = pi − arccos e−2∆2g2 ≈
pi, and we have 〈ψf |ψi〉 → 0. The probability of ob-
taining the maximum shift is Pz,max =
1−e−4∆2g2
2 . As
Ppz ,max = Pz,max, we relabel the probability Pmax =
Ppz ,max = Pz,max =
1−e−4∆2g2
2 .
In Fig. 2, the maximal pointer shifts and the probabil-
ity are pictured with different coupling strength g. It can
be seen from Figs. 2(a) and 2(b) that when g ≪ ∆pz,
the maximum shifts δp′z and δz
′ are given by ∆pz and
∆z respectively. However, the probability of obtaining
the maximal shifts is very small, Pmax ≈ 2∆2g2. When
g ≫ ∆pz , we have δp′z,max = g and δz′max = 0, which is
expected from a strong measurement.
IV. IMPROVEMENT OF THE
SIGNAL-TO-NOISE RATIO VIA WEAK
MEASUREMENTS
In this section, we study the improvements of the
signal-to-noise ratio (SNR) by weak measurements. SNR
has been studied in many reference [10, 25–27]; it was
claimed that the SNR can be largely improved by the
weak measurement processes. Here, we show that the
SNR can be improved for some practical cases when the
probability decrease due to postselection is not consid-
ered. However, we also show that the SNR can not be
effectively improved when the probability decrease due
to postselection is considered.
A. No effective improvement of the SNR when the
probabilities reduced by postselection are considered
The signal considered here is the average shift of the
pointer variable X , and the noise is represented by the
standard deviation σX . If the number of the measure-
ment repetition is N , as a result of the central limit the-
orem, the mean standard deviation is σX =
σX√
N
. Then
we get the SNR
R =
|X |
σX
=
√
N |X |
σX
. (34)
This definition is similar to the one given in [10, 25].
Without postselection, the state of the measuring de-
vice after the interaction H = −gδ(t− t0)A⊗ q is
ρD = TrS(|Ψ′〉〈Ψ′|)
=
∑
m
|αm|2|Φ(p− amg)〉〈Φ(p− amg)|, (35)
where |Ψ′〉 is the composite state of the system and mea-
suring device given by Eq. (8). The shift of the pointer
momentum without postselection is
δp = Tr(pρD)− p0 =
∑
m
|αm|2amg, (36)
where p0 is the original mean pointer momentum, and∑
m |αm|2 = 1. We get the SNR without postselection
R0 =
√
N |δp|
∆p
=
√
N |∑m |αm|2amg|
∆p
. (37)
As |δp| = |∑m |αm|2amg| ≤ |amaxg|, where amax is the
eigenvalue of A with the maximum absolute value, by
choosing an appropriate input state we can get the opti-
mal SNR without postselection is
R0,max =
√
N |amaxg|
∆p
. (38)
The expectation values of p and q with postselection are
given in Eqs. (15) and (16), respectively. The standard
deviations of them are changed by postselection, and it
can be obtained that
〈p′2〉 = 〈Φ
′|p2|Φ′〉
〈Φ′|Φ′〉
=
g2
4
∑
mn γmγ
∗
n(am + an)
2e−∆
2g2(am−an)2/2∑
mn γmγ
∗
ne
−∆2g2(am−an)2/2 +
1
4∆2
,
(39)
6and
〈q′2〉 = 〈Φ
′|q2|Φ〉
〈Φ′|Φ′〉
=
−g2∆4∑mn γmγ∗n(am − an)2e−∆2g2(am−an)2/2∑
mn γmγ
∗
ne
−∆2g2(am−an)2/2 +∆
2,
(40)
where |Φ′〉, the final device state after postselection, is
given by Eq. (13). So, we can get the standard deviations
after postselection
∆p′ =
√
〈p′2〉 − 〈p′〉2,∆q′ =
√
〈q′2〉 − 〈q′〉2. (41)
where 〈p′〉 and 〈q′〉 are given by Eqs. (15) and (16). After
postselection, the number of the measurement repetition
is changed into NP , where P is the probability of ob-
taining the postselected results. Then, we get the SNR
with the postselection procedure
Rp =
√
NP |δp′|
∆p′
, Rq =
√
NP |δq′|
∆q′
. (42)
Now we define the improvements of SNR by weak mea-
surement as
Ip,I =
Rp
R0,max
=
∆p
√
P |δp′|
∆p′|amaxg| ,
Iq,I =
Rq
R0,max
=
∆p
√
P |δq′|
∆q′|amaxg| .
(43)
They are referred to as type-I improvements of SNR, and
in the definitions the probabilities reduced by postselec-
tion are taken into account. Next we will search the
values of the type-I improvements in the Stern-Gerlach
experiment. From Eqs. (30),(31),(39), (40), and (41), we
can obtain the standard deviations after postselection
∆p′z =
√
1
4∆2
+
g2(sin2 θ + sin θ cosφe−2∆2g2)
(1 + sin θ cosφe−2∆2g2)2
, (44)
and
∆z′ =
√
∆2 − 4g
2∆4(sin θ cosφ+ sin2 θe−2∆2g2)e−2∆2g2
(1 + sin θ cosφe−2∆2g2)2
.
(45)
Then we can get the type-I improvements of SNR
Ipz ,I =
∆pz
√
P |δp′z|
∆p′z|g|
=
| cos θ|√K√
2K2 + 8∆2g2(sin2 θ + sin θ cosφe−2∆2g2)
,
(46)
and
Iz,I =
∆pz
√
P |δz′|
∆z′|g|
=
| sin θ sinφe−2∆2g2 |
√
K√
2K2 − 8∆2g2(sin θ cosφe−2∆2g2 + sin2 θe−4∆2g2)
,
(47)
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Figure 3. (Color online) The two types of improvements of
SNR, when g = 0.02∆pz . From the four pictures, it can
be seen that the values of Ipz,I and Iz,I are both less than
1; meanwhile the maximum value of Ipz,II and Iz,II are all
approximatively equal to 53.7.
where K = 1 + sin θ cosφe−2∆
2g2 . For g = 0.02∆pz, the
values of Ipz ,I and Iz,I are pictured in Fig. 3. From
Fig. 3, we can see that the maximum values of Ipz ,I and
Iz,I are both approximately 1. Although we can get very
largely amplified shifts, the probabilities of obtaining the
large shifts are very low. The low probabilities cancel the
advantage of the amplification effect [28]. By numerical
calculation, when g ≪ 12∆ , we get that the maximum
type-I improvements Imaxpz ,I = I
max
z,I ≈ 1.038. In the Stern-
Gerlach experiment, the post-selected state |ψf 〉 is fixed.
We have also searched for the values of the improvements
for all PPS by numerical calculation, and obtained that
the upper bound of them is also 1.038. Those results
mean that the SNR can not be effectively improved by
the weak measurements.
However, this does not mean that the weak measure-
ment methods are not helpful for actual experiments. As
we know, measurement errors are divided into random
errors and system errors [29, 30]. The standard devia-
tions considered here are the random errors which can be
reduced by repeated measurements. For a given system
error∆sys which cannot be reduced by repeated measure-
ments, the relative system error is δsys =
∆sys
X [29, 30],
where X is the shift of the measuring device. By the idea
of weak measurement, the shift X could be largely am-
plified. So, the relative system errors could be effectively
reduced by weak measurement in actual experiments.
B. Large improvements of the SNR when the
probabilities reduced by postselection are not
considered
In the practical case, most experiments are limited by
technical issues. Here we discuss the improvements of
SNR under the detectors’ saturation intensity technical
limit [25]. In this circumstance, the input quantum sys-
7tems are sufficient, and the numbers of the measurement
repetition are determined by the detectors’ saturation in-
tensity. So, the numbers of repetition with and without
postselection are almost the same. So the probability re-
duced by postselection needs not be considered in defin-
ing the improvements of SNR
Ip,II =
∆p|δp′|
∆p′|amaxg| ,
Iq,II =
∆p|δq′|
∆q′|amaxg| .
(48)
They are referred to as type-II improvements of SNR,
and in the definitions the probabilities reduced by post-
selection are not taken into account. One can see that
Ip,I =
√
PIp,II and Iq,I =
√
PIq,II .
In the Stern-Gerlach experiment, the type II improve-
ments of SNR are
Ipz ,II =
| cos θ|√
K2 + 4∆2g2(sin2 θ + sin θ cosφe−2∆2g2)
,
(49)
and
Iz,II =
| sin θ sinφe−2∆2g2 |√
K2 − 4∆2g2(sin θ cosφe−2∆2g2 + sin2 θe−4∆2g2)
.
(50)
In Fig. 3, for g = 0.02∆pz, it is shown that the max-
imum values of Ipz ,II and Iz,II can approximately reach
about 53.7 which means that the SNR can be efficiently
improved. When g ≪ 12∆ , we can neglect the orders of
2∆2g2 higher than 4∆4g4 in Eq. (49):
Ipz ,II ≈
| cos θ|√
(1 + sin θ cosφ)2 + F
(51)
where F = (4∆2g2sin2 φ+ 8∆4g4 cos2 φ) sin2 θ −
4∆2g2 sin θ cosφ. By
∂Ipz,II
∂φ = 0, we get sinφ = 0. As
we want to search the maximum of Ipz ,II , by ensuring
∂2Ipz,II
∂φ2 < 0, we get cosφ = −1, then
Ipz ,II =
| cos θ|√
(1− sin θ)2 + 8∆4g4 sin2 θ + 4∆4g4 sin θ
.
(52)
Denoting L = I2pz ,II , let x = sin θ, from
∂L
∂x = 0, we get
x = sin θ ≈ 1− 2√3∆2g2. Substituting this solution into
L, we obtain that Lmax ≈
√
3
6g2∆2 , so I
max
pz ,II
≈
√√
3
6
1
|g∆| .
For g = 0.02∆pz, we have I
max
pz ,II
≈ 53.7 which is pre-
sented in Fig. 3. Through a similar procedure, we can
also get Imaxz,II ≈
√√
3
6
1
|g∆| . So, under the measurement
repetition limited by the detectors’ saturation intensity,
the SNR can be greatly improved by weak measurement.
V. ENHANCEMENT OF THE MEASUREMENT
SENSITIVITY IN WEAK MEASUREMENTS
Using the idea of weak measurement, a series of tiny
physical effects has been effectively detected in experi-
ments [2, 7, 14]. In those experiments, what has been
actually measured could be regarded as the interaction
strength between the systems and measuring devices. A
natural question arises, whether weak measurement with
preselection and postselection enhances the measurement
precision in estimating the strength of a tiny interaction?
In this section we will study the enhancements of the
measurement sensitivity (MS) brought by weak measure-
ment. We consider the enhancements with and without
considering the probabilities reduced by postselection.
A. Enhancement of the MS considering the
probabilities reduced by postselection
From the error propagation theory [30, 31], the error
∆g on the estimated coupling strength g is
∆g ≡ σX|∂X∂g |
, (53)
where X is the shift of the measuring device, and σX =
σX√
N
is the average standard deviation of X after the mea-
surement is repeated for N times. If the interaction con-
sidered is H = −gδ(t − t0)A ⊗ q, our purpose now is to
estimate the value of the coupling strength g. Without
postselection, the error ∆g is
∆g =
∆p
|∂δp∂g |
√
N
=
∆p
|∑m |αm|2am|√N , (54)
where δp is the shift of the pointer given in Eq. (36) and
∆p is the standard deviation of momentum. By choosing
an appropriate input state, we obtain the optimal error
∆gopt without postselection
∆gopt =
∆p
|amax|
√
N
, (55)
where amax is the eigenvalue of observable A with the
maximum absolute value. The errors ∆gp and ∆gq on
the estimation of g with postselection are
∆gp =
∆p′
|∂δp′∂g |
√
NP
,∆gq =
∆q′
|∂δq′∂g |
√
NP
, (56)
where δp′ and δq′ are given in Eqs. (15) and (16). With
considering the probabilities reduced by postselection,
the enhancements of MS are defined as
Ep,I =
∆gopt
∆gp
=
∆p|∂δp′∂g |
√
P
|amax|∆p′ ,
Eq,I =
∆gopt
∆gq
=
∆p|∂δq′∂g |
√
P
|amax|∆q′ .
(57)
8They are referred to as type-I enhancements of the MS,
and in the definitions the probabilities reduced by post-
selection are taken into account. If the value of the en-
hancement E is bigger than 1, weak measurement could
indeed improve the precision in estimating the interac-
tion strength. Now, we consider the enhancements of
MS in the Stern-Gerlach experiment. In this experiment,
amax = 1 and the type-I enhancements are
Epz ,I =
∆pz |∂δp
′
z
∂g |
√
P
∆p′z
=
| cos θ||1 + 4∆2g2 − 4∆2g2/K|√K√
2K2 + 8∆2g2(sin2 θ + sin θ cosφe−2∆2g2)
,
(58)
and
Ez,I =
∆pz|∂δz′∂g |
√
P
∆z′
=
|(1− 4∆2g2/K)|| sin θ sinφe−2∆2g2 |√K√
2K2 − 8∆2g2(sin θ cosφe−2∆2g2 + sin2 θe−4∆2g2)
,
(59)
where K = 1 + sin θ cosφe−2∆
2g2 . For g = 0.02∆pz, the
enhancements are pictured in Fig. 4. We can see that
the values of Epz,I and Ez,I are both less than 1.
Comparing Epz ,I and Ez,I with Ipz ,I and Iz,I , we get
that Epz,I = |(1 + 4∆2g2 − 4∆2g2/K)|Ipz,I , and Ez,I =
|(1−4∆2g2/K)|Iz,I . For g ≪ 12∆ , we have 1−(1+4∆2g2−
4∆2g2/K)2 ≈ 8∆2g2/K(1 − 2∆2g2/K). Denoting V =
2∆2g2/K, by ∂V∂φ = 0 and
∂V
∂θ = 0, we get the maximum
values of Vmax ≈ 1, and 0 ≤ 1 − 2∆2g2/K. As K = 1 +
sin θ cosφe−2∆
2g2 > 0, we get |(1+4∆2g2−4∆2g2/K)| ≤
1 and |(1 − 4∆2g2/K)| ≤ 1. So, for g ≪ 12∆ , we obtain
that Epz ,I ≤ Ipz ,I , Ez,I ≤ Iz,I .
We also search the values of the enhancements for all
PPS by numerical calculation, and we find that the upper
bound of the type-I enhancements is 1. Therefore, the
MS can not be efficiently enhanced by weak measurement
if the probability decrease due to postselection is taken
into account. This was also pointed out in [7].
B. Enhancement of the MS without considering
the probabilities reduced by postselection
In this section, we consider the same technical limit
discussed in Sec. IV B. Under this technical limit, the
number of the outcomes is determined by the saturation
of the detectors without considering the probability de-
crease due to postselection, and we have an alternative
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Figure 4. (Color online) The enhancements of measurement
sensitivity for g = 0.02∆pz . For all PPS, Epz,I and Ez,I are
both less than 1; meanwhile the maximum values of Epz,II
and Ez,II are both approximatively 28.
definition of the enhancements of MS
Ep,II =
∆p|∂δp′∂g |
|amax|∆p′ ,
Eq,II =
∆p|∂δq′∂g |
|amax|∆q′ .
(60)
They are referred to as type-II enhancements of MS, and
in the definitions the probabilities reduced by postselec-
tion are not taken into account. Similarly, we have that
Ep,I =
√
PEp,II and Eq,I =
√
PEq,II .
In the Stern-Gerlach experiment, we can have
Epz ,II =
| cos θ||1 + 4∆2g2 − 4∆2g2/K|√
K2 + 4∆2g2(sin2 θ + sin θ cosφe−2∆2g2)
,
(61)
and
Ez,II =
|(1 − 4∆2g2/K)|| sin θ sinφe−2∆2g2 |√
K2 − 4∆2g2(sin θ cosφe−2∆2g2 + sin2 θe−4∆2g2)
,
(62)
where K = 1 + sin θ cosφe−2∆
2g2 . We can see that
Epz ,II = |(1 + 4∆2g2 − 4∆2g2/K)|Ipz,II , and Ez,II =
|(1 − 4∆2g2/K)|Iz,II . As for g ≪ 12∆ , we have |(1 −
4∆2g2/K)| < |(1 + 4∆2g2 − 4∆2g2/K)| ≤ 1, so we can
get Epz ,II ≤ Ipz ,II , Ez,II ≤ Iz,II . For g = 0.02∆pz, the
values of enhancements Epz ,II and Ez,II are pictured in
Fig. 4. It can be seen that the maximum value of the
enhancements is about 28, which means the MS can be
largely improved by the weak measurements when the
probability decrease due to postselection is not consid-
ered. For g ≪ 12∆ , by numerical calculation, we get
Emaxpz ,II ≈ Emaxz,II ≈ 0.28g∆ , which implies that weak measure-
ments can effectively enhance MS when the probability
9decrease due to postselection is not considered, such as
for practical cases when the measurement repetition fre-
quency is determined by the intensity saturation of the
detectors. Significantly enhanced MS has been obtained
in observing the spin hall effect of light [7, 8].
VI. CONCLUSIONS
We have studied quantum measurement with preselec-
tion and postselection, and have given the precise expres-
sions of the measurement results without any restriction
on the system-device interaction strength. For the very
weak interaction, a significant amplification effect can be
obtained. For a qubit system, the maximal pointer shifts
of momentum and position are obtained. When the inter-
action between the system and device is strong, we have
also obtained the ideal quantum measurement results.
We also have studied the improvements of the SNR and
the enhancements of the MS by weak measurements. We
have shown that weak measurements cannot effectively
improve the SNR and the MS when the probability de-
crease due to postselection need to be considered; while
for practical cases when the probability reduced by post-
selection need not be considered, weak measurements can
significantly improve both the SNR and the MS. In ad-
dition, the large shifts obtained in weak measurements
can also effectively reduce the relative system error. The
idea of weak measurement is very useful in practical ex-
periments.
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